Abstract. In this article, we study Hartnell's Firefighter Problem through the group theoretic notions of growth and quasi-isometry. A graph has the ncontainment property if for every finite initial fire, there is a strategy to contain the fire by protecting n vertices at each turn. A graph has the constant containment property if there is an integer n such that it has the n-containment property. Our first result is that any locally finite connected graph with quadratic growth has the constant containment property; the converse does not hold. A second result is that in the class of graphs with bounded degree, having the constant containment property is closed under quasi-isometry. We prove analogous results for the {fn}-containment property, where fn is an integer sequence corresponding to the number of vertices protected at time n. In particular, we positively answer a conjecture by Develin and Hartke by proving that the d-dimensional square grid L d does not satisfy the cn d−3 -containment property for any constant c.
Introduction
The firefighter problem on graphs was introduced by Bert Hartnell in 1995 and it has been studied in the last two decades [5, 6] . Briefly, the game can be described as follows, and we refer the reader to Section 1 for precise definitions. Let G be a graph and let f be a positive integer; an initial fire starts at a finite set of vertices; at each time interval n ≥ 1, f vertices which are not on fire become protected, and then the fire spreads to all unprotected neighbors of vertices on fire; once a vertex is protected or is on fire, it remains so for all time intervals. The graph G has the f -containment property if every initial fire admits a strategy to protect f vertices at each time interval so that the set of vertices on fire is eventually constant. We say that the graph G has the constant containment property if it has the f -containment property for some positive integer f .
The constant containment property is well-understood in certain grids of the Euclidean plane. For example, the infinite (2-dimensional) square grid has the 2-containment property [7] , the 2-dimensional infinite triangular grid has the 3-containment property [7, 12] , the 2-dimensional hexagonal grid has the 2-containment property and the "strong" grid has the 4-containment property [11] , see Figure 1 . Recent work includes other metrics on the game such as the surviving rate, the portion of the grid saved by fewer than the optimal number of firefighters [8] .
The 2-dimensional grids mentioned above have quadratic growth in the following sense. Let G be a connected graph and let g 0 be a chosen vertex; the growth function of G based at g 0 is the function β : N → N such that β(n) is the number of vertices Figure 1 . The 2-dimensional square grid, triangular grid, strong grid, and hexagonal grid.
of G which are at distance at most n from g 0 . We say that G has polynomial growth of degree d if there is C > 0 such that β(n) ≤ Cn d . In particular, we say the growth function of G is quadratic if it has polynomial growth of degree 2. One can verify that having polynomial growth of degree d is independent of chosen vertex for connected graphs. Growth functions of graphs have been studied in relation to discrete groups, for a brief overview and references we refer the reader to [1] .
Theorem 1 (Corollary 2.6). If G is a connected graph with quadratic growth, then G satisfies the constant containment property. Figure 1 have the constant containment property [7, 11, 12] , see also [4, 14, 16] .
Theorem 1 is illustrated by the fact that the four 2-dimensional grids in
It is known that the underlying graph of any uniform tiling of the Euclidean plane has quadratic growth, for an account see Section 5.3.
Corollary 2. The underlying graph of any uniform tiling of the Euclidean plane has the constant containment property.
The following variation of the constant containment property is implicit in work of Develin and Hartke [3] . Let G be a graph and let {f n } be a sequence of integers; an initial fire starts at a finite set of vertices; at each time interval n ≥ 1, at most f n vertices which are not on fire become protected, and then the fire spreads to all unprotected neighbors of vertices on fire; once a vertex is protected or is on fire, it remains so for all time intervals. The graph G has the {f n }-containment property if every initial fire admits a strategy consisting of protecting at most f n vertices at the n th time interval so that the set of vertices on fire is eventually constant. We say that the graph G has the O(n d )-containment property if there is a constant c ≥ 1 such that G has the {cn d }-containment property. See Section 1 for a more rigorous definition. The following generalization of Theorem 1 holds.
Theorem 3 (Theorem 2.3).
Let G be a connected graph with polynomial growth of degree at most d. Then G satisfies the O(n d−2 )-containment property.
The converse of Theorem 1 does not hold. There is a connected graph such that every vertex has degree at most 4, its growth function is not bounded by a polynomial function, and it satisfies the 1-containment property, see Example 2.7. However, we expect the converse of Theorem 3 to hold for certain classes of graphs, see Question 12. In [3] , Develin The following approach to a converse of Theorem 3 holds under a regularity condition called homogeneous growth. Homogeneous growth is discussed in Section 3.
Theorem 5 (Theorem 3.2). Let G be a graph which has homogeneous growth with respect to a vertex g 0 . Let s n be the number of vertices at distance exactly n from g 0 , and let {f i } be a non-decreasing sequence. If G has the {f n }-containment property, then the series ∞ n=1 fn sn diverges. It can be shown that any orthant of the d-dimensional square grid has homogeneous growth, see Proposition 3.6.
Corollary 6 (Corollary 3.7). Let d and q be positive integers. If lim n→∞
Corollary 6 generalizes Develin and Hartke's result that L d does not have the constant containment property for d > 2, it shows that Corollary 4 is sharp, and positively answers the following conjecture raised by Develin and Hartke in the polynomial case.
Conjecture. [3, Conjecture 9] Suppose that f (t) is a function on N with the property that f (t)/t d−2 goes to 0 as t gets large. Then there exists some outbreak on L d which cannot be contained by deploying f (t) firefighters at time t. A weaker conjecture would require f (t) to be a polynomial.
The main result of the paper is that containment properties on graphs are preserved by quasi-isometry, see Theorem 8. The notion of quasi-isometry is an equivalence relation between metric spaces which plays a significant role in the study of discrete groups, for an overview see [1] and references therein. We consider graphs as metric spaces as follows. The notion of path defines a metric on the set of vertices of a graph G by declaring dist G (x, y) to be the length of the shortest path from x to y. The metric dist on the set of vertices of G is called the combinatorial metric on G.
and c ≥ 0 is a real number such that every point of X 2 lies in the c-neighborhood of the image of f . When such a map exists, X 1 and X 2 are said to be (λ, , c)-quasiisometric.
Theorem 8 (Theorem 4.4). Let G and H be quasi-isometric graphs with bounded
Given a graph G and an integer k, let G(k) be the graph having the same set of vertices as G and such that two vertices are connected by an edge if they are at distance at most k in G. Observe that G is (k, 0, 0)-quasi-isometric to G(k) for any positive integer k. As a consequence, we have the following corollary.
Corollary 9. Let G be a graph with bounded degree. Then G has the O(n d )-containment property if and only if G(k) has the O(n d )-containment property for every k ≥ 1.
Observe that Corollary 2 is also a consequence of Theorem 8, since the underlying graphs of a uniform tiling of the Euclidean planes are all quasi-isometric; see Section 5 for a brief explanation.
Analogously, the underlying graph of a uniform tiling of the hyperbolic plane with the combinatorial metric is quasi-isometric to the 2-dimensional hyperbolic space, see Section 5. One can prove directly that the underlying graph of the order-7 triangular tiling of the hyperbolic plane does not have a polynomial containment property, see Proposition 1.11 and its corollary. Hence Theorem 8 implies the following statement.
Corollary 10. The underlying graph of any uniform tiling of the hyperbolic plane does not have a polynomial containment property.
By the infinite δ-regular tree, we mean an infinite tree such that every vertex has degree exactly δ. It is well known that any pair of infinite regular trees of degree at least 3 are quasi-isometric [1, Page 141]. Theorems 8 and 5 yield the following result which provides a sufficient condition implying that graph does not have a polynomial containment property.
Corollary 11 (Corollary 4.7). If a graph H contains a subgraph quasi-isometric to the infinite δ-regular tree with δ ≥ 3, then H does not satisfy a polynomial containment property.
We remark that Corollary 10 can be verified via Corollary 11 by observing that the underlying graph of the order-7 triangular tiling of the hyperbolic plane contains an infinite 3-regular tree as a subgraph. In fact, one can prove that the underlying graph of any uniform tiling of the hyperbolic plane contains a subgraph quasiisometric to an infinite 3-regular tree.
Connection with geometric group theory. Properties of bounded degree graphs which are preserved under quasi-isometry are known as geometric properties. These types of properties define invariants of finitely generated groups, as discussed in Section 5. This follows from the observation that for any finitely generated group, Cayley graphs associated to different finite generating sets are quasi-isometric. A well-known example of a geometric property is having growth of degree d, and our main result Theorem 8 states that the O(n d )-containment property is also geometric.
A finitely generated group G has growth of degree d if there is a finite generating set of G for which the corresponding Cayley graph has growth of degree d. Analogously, G has the O(n d )-containment property if there is a finite generating set of G for which the corresponding Cayley graph has the O(n d )-containment property. By Theorem 3, if a finitely generated group has polynomial growth then it has the polynomial containment property. Since the Cayley graph of a non-cyclic free group is quasi-isometric to a tree, Corollary 11 implies that groups containing noncyclic free groups do not have a polynomial containment property. We expect the following question to have a positive answer. However, in view of Example 2.7, answering the question requires more than coarse geometry techniques.
Question 12. In the class of finitely generated groups, is having quadratic growth equivalent to having constant containment property? More generally, is having polynomial growth of degree d equivalent to having the O(n d−2 )-containment property?
A positive answer to this question would characterize virtually nilpotent groups in terms of Hartnell's firefighter games via Gromov's polynomial growth theorem [9] . Some remarks on this question are discussed in [13] .
Outline. The rest of the article is divided into five sections. These sections are independent of the introduction and, in particular, statements and definitions are re-introduced. Section 1 introduces language, notation, and some preliminary results. In particular, Proposition 1.11 which provides sufficient conditions for a graph with exponential growth to not satisfy a polynomial containment property. The proofs of Theorem 3 on graphs with polynomial growth and its corollaries constitute Section 2. Section 3 introduces the notion of homogeneous growth and discusses the proof of Theorem 5 and its corollaries. The main result of the article, Theorem 8, is proved in Section 4. Section 5 contains a brief discussion on considering containment properties as quasi-isometry invariants of finitely generated groups, and as an application we deduce the results on tilings of the Euclidean and Hyperbolic planes in this context.
Containment properties on graphs, preliminaries
Let G be an undirected graph. A path of length n is a sequence of vertices v 0 , v 1 , . . . , v n such that v i , v i+1 are connected by an edge for each i < n. The notion of path defines a metric on the set of vertices of G by declaring dist G (x, y) to be the length of the shortest path from x to y. The metric dist on the set of vertices of G is called the combinatorial metric on G. In this note, when we consider a graph as a metric space, we mean its set of vertices with the combinatorial distance. For a subset X of G, the ball of radius r about X, B G (r, X) is defined as the collection of vertices at distance less than or equal to r from at least one vertex in X. Analogously, for a vertex g 0 , the sphere of radius r about g 0 , S G (r, g 0 ) is the set of vertices at distance exactly r from g 0 ; when G and g 0 are understood, we use S r to denote this set, and s r to denote its cardinality. A graph has locally finite if every vertex has finite degree or equivalently every ball with unit radius centered at a vertex is a finite set. A graph has bounded degree if there is an upper bound on the cardinality of closed balls of unit radius centered at vertices, or equivalently there is a finite maximum degree.
Given a sequence of integers {f n } and a graph G we consider the following game. Suppose that a fire breaks out at a finite set of vertices X 0 . At each subsequent time unit n (called a turn), the player chooses a set W n of at most f n distinct vertices not on fire to become protected; then the fire spreads to all adjacent vertices which are on fire and are not yet protected. Once a vertex is on fire or is protected, it stays in such state for all subsequent turns. If eventually the set of vertices on fire remains constant we say that the fire has been contained. If every fire can be contained we say the graph G has the ({f n }, 1)-containment property. A slight variation of the game is defined by allowing the fire to spread to all vertices which are connected by paths of length at most r from a vertex on fire. If every fire can be contained in this more general version, we say that the graph has the ({f n }, r)-containment property. The following definition make these properties of graphs precise. Definition 1.1. Let G be a graph, let r be a positive integer, and let {f n } be a sequence of non-negative integers. Given a finite subset X 0 of vertices of G, a sequence {W k : k ≥ 1} of subsets of vertices of G is a ({f n }, r)-containment strategy for X 0 if
(1) for every n ≥ 1, the set W n has cardinality at most f n , (2) the sets X n and W n+1 are disjoint for n ≥ 0, where X n for n > 0 is defined as the set of vertices which are connected to a vertex in X n−1 by a path of length at most r containing no vertices in W 1 ∪ · · · ∪ W n , and (3) there is N > 0 such that X n = X N for every n ≥ N .
In this case, the set X 0 is called the initial fire, and the sets W n and X n are called the set of vertices protected at time n and the set of vertices on fire at time n respectively. The integer N is called a sufficient time to contain the initial fire X 0 , in general, we will choose a minimal N .
If for any finite subset of vertices X 0 of G there exists a ({f n }, r)-containment strategy then we shall say that G has the ({f n }, r)-containment property. Notation 1.2. By the {f n }-containment property we mean the ({f n }, 1)-containment property. We say that a graph G satisfies O(n d )-containment property if G has the {f n }-containment property for some sequence {f n } which is O(n d ). In the case d = 0, we say that G has the constant containment property. Analogously, we say that G satisfies a subexponential containment property if it satisfies the {f n }-containment property for a sequence {f n } such that lim n→∞ log fn n = 0 and
Moreover, one can assume that W k = ∅ for every k ≥ N . In particular containment strategies can be assumed to be finite sequences.
From here on, we only consider locally finite graphs, i.e. graphs such that every vertex has finite degree. In this class of graphs, Definition 1.1 can be re-stated as indicated in Proposition 1.4. Proposition 1.4. For the class of locally finite graphs, in Definition 1.1, replacing the statement (3) by
yields an equivalent definition of ({f n }, r)-containment strategy for X 0 .
Proof. Let G be a locally finite graph, and let r be a positive integer. Let X 0 be a set of vertices, let {W k : k ≥ 1} be a sequence of vertex sets, and define inductively X n+1 to be the set of vertices v such that there is path γ of length at most r from a vertex of X n to v such that γ does not contain vertices in
Suppose there is N > 0 such that X n = X N for every n ≥ N . Since X N ⊆ B G (X 0 , rN ) and X n ⊆ X n+1 for every n, it is immediate that X n ⊆ B G (X 0 , rN ) for every n ≥ 0.
Conversely, suppose there is N > 0 such that X n ⊆ B G (X 0 , rN ) for every n ≥ 0. The assumption that G is locally finite implies that B G (X 0 , rN ) is a finite set of vertices. Since X n ⊆ X n+1 for every n, it follows that there is M > 0 such that X n = X M for every n ≥ M . Example 1.5. The locally finite hypothesis in Proposition 1.4 is necessary. Let G be the undirected graph with vertex set V = Z ∪ {∞} and edge set E = {(n, n + 1) : n ∈ Z} ∪ {(n, ∞) : n ∈ Z}. Consider the initial fire X 0 = {0}, let W 1 = {∞} and let W n = ∅ for n > 1. Observe that X n = {0, 1, −1, . . . , n, −n}. Hence, X n X n+1 and X n ⊂ B G (X 0 , 2) for every n. In particular, {W n : n ≥ 1} is a not a containment strategy for X 0 in the sense of Definition 1.1. Remark 1.6. Let G be locally finite graph. If Y 0 ⊆ X 0 are finite subsets of vertices of G and {W n } n≥1 is a ({f n }, r)-containment strategy for X 0 , then {W n } n≥1 is also a ({f n }, r)-containment strategy for Y 0 . In particular, if for every vertex g ∈ G and for every integer n ≥ 0 there is ({f n }, r)-containment strategy for the ball B G (g, n), then G has the ({f n }, r)-containment property. Proposition 1.7. Let {f n } be a non-decreasing sequence of non-negative integers, let r be a positive integer, and let g n+1 = r i=1 f rn+i . The graph G has the ({f n }, 1)-containment property if and only if G has the ({g n }, r)-containment property.
Proof. If G has the ({g n }, r)-containment property, then it has the ({f n }, 1)-containment property. Indeed, let X 0 be a finite set of vertices. Suppose that {W n : n ≥ 1} is a ({g n }, r)-containment strategy for Y 0 = B G (X 0 , r), and let Y n be the set of vertices on fire at time n. Since the cardinality of W n+1 is at most g n+1 = r i=1 f rn+i , we can choose a partition W n+1 = W n,1 ∪ · · · ∪ W n,r where W n,i has at most f rn+i elements. For k ≥ 0 and 1 ≤ i ≤ r, define U rk+i to be the set W k,i . We claim that {U n : n ≥ 1} is a ({f n }, 1)-containment strategy for X 0 . First observe that for each n ≥ 0, the sets U rn+1 , · · · , U rn+r are disjoint from B G (X 0 , r(n + 1)), and since X nr+i ⊆ B G (X 0 , nr + i) it follows that U rn+i and X rn+i are disjoint. Observe that X (k+1)r ⊆ Y k and since Y n is eventually constant, the sequence X n is eventually constant.
Conversely, if G has the ({f n }, 1)-containment property, then it has the ({g n }, r)-containment property. Indeed, if {W n : n ≥ 1} is a ({f n }, 1)-containment strategy for X 0 then {U n : n ≥ 1} where U n = W (n−1)r+1 ∪ · · · ∪ W nr is a ({g n }, r)-containment strategy for X 0 . Corollary 1.8. If {f } is a constant sequence then the graph G has the ({f }, 1)-containment property if and only if G has the ({rf }, r)-containment property for every r ≥ 1. Proposition 1.9. Let H be a locally finite graph. If H has the {f n }-containment property and G is a subgraph of H then G has the {f n }-containment property.
Proof. Let X 0 be a finite subset of G. Let {U k : k ≥ 1} be a ({f n }, 1)-containment strategy for the initial fire X 0 in the graph H. Let Y k be the set of vertices on fire in H at time k. Suppose that
Since all vertices of H have finite degree, it follows that B H (X 0 , N ) ∩ H is a finite set of vertices and hence there is
Lemma 1.10. Let {s n } be a non-decreasing positive sequence, and let {f n } and {p n } be positive sequences. Suppose
Proof. Since s n is non-decreasing and positive, and
Proposition 1.11. Let G be a locally finite graph. Suppose that there are a vertex g 0 and a real number λ > 1 such that for any integer n ≥ 0 and any subset of vertices A of the sphere S G (g 0 , n),
where A * is the set of vertices of the sphere S G (g 0 , n + 1) which are adjacent to a vertex in A. Then for any d ≥ 0, the graph G does not have the O(n d )-containment property.
Proof. Suppose there exist constants c > 0 and d > 0 so that G has the {cn d }-containment property.
Let S n denote the sphere of radius n about g 0 , and let s n denote its cardinality. Observe that s n ≥ λ n . Let r be a positive integer such that
Let {W k : k ≥ 1} be a {cn d }-containment strategy for the initial fire X 0 = B(g 0 , r), let X k denote the set of vertices on fire at time k, and suppose that the fire is contained after time , i.e., X k = X −1 for every k ≥ . In particular, for every k ≥ 0, we have that
equivalently, T k is the set of vertices on fire in the sphere S r+k at time k. In particular, T k+1 is the set of vertices in T * k ⊂ S r+k+1 which remain unprotected at time k. Since X k = X −1 for every k ≥ , we have that
Let p k+1 = |T * k \ T k+1 |, and observe that p k is the number of vertices of S r+k that are protected up to time k. The hypothesis on G implies
A maximum of 
Since |A 0 | = s r , we have that
where the first inequality follows from (8) , and the last inequality follows from (1). Putting together inequalities (6) and (9) yields that
We have reached a contradiction and therefore the assumption that G has the {cn d }-containment property is false.
Remark 1.12. The following observation was pointed out by a referee of the article. Under the hypotheses of Proposition 1.11, the stronger statement holds: If {f n } is a sequence such that the series ∞ k=1 f k λ k converges, then the graph G does not have the {f n }-containment property. Indeed, the same proof works by choosing r such that
instead of (1).
The following is an interesting example of a graph that does not satisfy a polynomial containment property. Proof. It is enough to verify that the graph G satisfies the hypothesis of Proposition 1.11. Let g 0 be a vertex of G, let B n denote the subgraph expanded by the collection of vertices at distance at most n from g 0 , and let S n denote the subgraph of G expanded by the collection of vertices at distance exactly n from g 0 . For n ≥ 1, an induction argument shows that S n is connected and every vertex has degree 2, i.e. it is a cycle. Moreover, any vertex of S n has degree 3 or 4 as a vertex of B n . Let s n , a n , and b n denote the cardinality of S n , the number of vertices of S n having degree 3 in B n , and the number of vertices of S n having degree 4 in B n respectively. Then one observes that the following relations hold for n ≥ 1:
An induction argument shows that s n = 7f 2n and a n = 7f 2n−1 where f n is the Fibonacci sequence with f 0 = f 1 = 1, which is a well known property of this tiling. Let A be a subset of vertices of S n , and let A * be the set of vertices of S n+1 which are adjacent in G to a vertex in A. In G, each vertex v of A is adjacent to at least 3 vertices of A * . Indeed, if v ∈ A has degree 3 as a vertex of B n , then v is adjacent to 4 vertices of A * ; if v ∈ A has degree 4 as a vertex of B n , then v is adjacent to 3 vertices of A * . It follows that for every n, and for every subset of vertices A of S n , we have that
for every A ⊂ S n .
The growth function and containment properties
Definition 2.1. Let G be a locally finite graph and let g 0 be a vertex of G. The growth function of G based at g 0 is the function β : N → N where β n is the number of vertices of G at distance at most n from g 0 . The graph G has polynomial growth of degree at most d if there exists a constant c such that β n ≤ cn d for all n ≥ 1.
Remark 2.2. Let g 0 , g 1 be vertices of G at distance k. The corresponding growth functions satisfy β g0 (n) ≤ β g1 (n+k), since B G (g 0 , n) ⊆ B G (g 1 , n+k). In particular, for a locally finite connected graph having polynomial growth of degree at most d is independent of the base point. The strategy of the proof is to show that given an initial (finite) fire X 0 and a vertex g 0 ∈ G, one can choose an integer r > 0 such that X 0 ⊂ B G (g 0 , r) and all the vertices of the sphere S r = {g ∈ G : dist(g 0 , g) = r} can be protected before the fire reaches them. Then it follows that the fire cannot extend beyond distance r from g 0 and hence it has been contained.
Proof of Theorem 2.3. Let β : N → N be the growth function of G based at the vertex g 0 . Let c > 0 such that β n ≤ cn d for every n ≥ 1. Let s n+1 denote the difference β n+1 − β n for n ≥ 0, let s 0 = 1, and observe that β n = n k=0 s k . Recall Faulhaber's formula
where B j denotes the j-th Bernoulli number.
Observe that for every positive integer m > 0 there is N > 0 such that
for every n ≥ N . This follows from the observation that both expressions are polynomials in n of degree d − 1 with leading coefficients dc and dc + 1 respectively. We claim that there are infinitely many integers n such that
Suppose not, then there is m > 0 such that dcn d−1 ≤ s n for every n > m. Then From the statements on inequalities (14) and (15), we have that for every m > 0, the inequality
holds for infinitely many values of n. Let
We claim that G has the ({f n }, 1)-containment property. Let m > 0 and let X 0 be B G (g 0 , m). Since (17) holds for infinitely many n, choose a positive integer r such that s r ≤ (d − 1)(dc + 1)p r−m,d−1 . Since the set S r = {g ∈ G : dist(g 0 , g) = r} has cardinality s r , it admits a partition
It follows that {W k : k = 1, . . . , r − m} is a (f n , 1)-containment strategy for X 0 , since under such strategy X k = B G (g 0 , m + k) for k < r − m, and X k = B G (g 0 , r − m − 1) for every k ≥ r − m.
Below we state a corollary of the proof of Theorem 2.3. Proof. To reach the conclusion, it is enough to verify that the statements on inequalities (14) and (15) Example 2.7. There is a graph such that every vertex has degree at most four, it has subexponential growth, and it has the (1, r)-containment property for every r ≥ 1. Indeed, consider the sequence {s n } n∈N This graph is illustrated in Figure 2 . Its growth function β based at v 0,1 satisfies
since the number of vertices between v k(k−1),1 and v k(k+1),1 , including them, is exactly 2
For a function β : N → N we denote by β : N → N the function given by β (0) = β(0) and β (n) = β(n) − β(n − 1). Observe that in the case that β is the growth function of a graph G with respect to a vertex g 0 , then β (n) is the cardinality of the sphere S G (n, g 0 ). In particular, β (n) is the difference of cardinalities between the spheres S n and S n−1 . Theorem 2.8. Let G be a locally finite connected graph with growth function β : N → N. Suppose that β : N → N is non-negative and non-decreasing. Then G has the {f n }-containment property with f n = 3β (2n).
Proof. Assume that the growth function is with respect to the vertex g 0 . Without loss of generality assume the initial fire is B G (x 0 , n) where n ∈ N is arbitrary and g 0 is the root of G. It is sufficient to show that there exists m > n such that m−n k=1 f k ≥ β (m), since then the fire can be contained by protecting all vertices of the sphere of radius m about g 0 within m − n turns.
Choose m sufficiently large so that m−n k=1 β (2k) ≥ β (n) and m ≥ 2n. Then 
Now we have
as required.
Homogeneous Growth
Definition 3.1. Let G be a graph, let g 0 be a vertex of G. Let S n denote the sphere of radius n about g 0 , and let s n denote the cardinality of S n . For subset T of S n , let T * denote the subset of vertices of S n+1 which are adjacent to at least one vertex of T . The growth of G is homogeneous with respect to g 0 if there exists r ≥ 0 such that for any n ≥ r and any non-empty subset T of S n ,
Under these conditions, we say that G has homogeneous growth with respect to g 0 from radius r.
Theorem 3.2. Let G be a graph which has homogeneous growth with respect to g 0 , and let {f n } be a non-decreasing positive sequence. If G has the {f n }-containment property, then the series
Proof. Suppose that G has homogeneous growth with respect to g 0 from radius r, and it has the {f n }-containment property. The homogeneous hypothesis implies that G is an infinite graph. Let m be an arbitrary integer greater than r. Let {W k : k ≥ 1} be an {f n }-containment strategy for the initial fire X 0 = B(g 0 , m), let X k denote the set of vertices on fire at time k, and suppose that the fire is contained after time , i.e., X k = X −1 for every k ≥ and is minimal with this property. Without loss of generality, assume that W i = ∅ for i > . Since G is an infinite graph, > 0.
Let S k denote the collection of vertices at distance k from g 0 . For k ≥ 0, let
equivalently, T k is the set of vertices on fire in the sphere S m+k at time k. In particular, T k+1 is the set of vertices in T
The homogeneous hypothesis guarantees that the sequence {s n } is non-decreasing. Considering the inequality (26) and applying Lemma 1.10 to the sequences {f k } k=1 , {p k } k=1 and {s m+k } k=1 , we obtain
Since the sequence {f n } is non-decreasing, it follows that
Inequalities (30) (31) and (32) yield
Since m was arbitrary and ≥ 1, inequality (33) implies that the series
Example 3.3. Let G be the infinite regular tree on which every vertex has degree δ + 1. Then G has homogeneous growth since
and edge set which is a polynomial of degree d−1 in m. This is a standard counting argument since any vertex (
x i e i and its distance to the origin is exactly the sum (x 1 , x 2 
x i e i . From the remark above, we have that
Let H i = T + e i and observe that
+ has homogeneous growth. Therefore, it is sufficient to prove that
We have constructed a map from
b).
As no two distinct elements of P 1 can be mapped to the same element of P 2 , this map is an injection and therefore |P 1 | ≤ |P 2 |, demonstrating the inequality. 
Quasi-isometry invariance of the Containment Property
Definition 7 can be re-stated as described in the following remark. 
for every pair of vertices Figure 3 . A containment strategy on G and translated to H.
In this case, the pair (φ, ψ) is called a c-quasi-isometry from G to H. 
Theorem 4.4. Let G and H be graphs with bounded degree. Suppose that G is quasi-isometric to H, and let {f n } be a non-decreasing sequence of integers. If G satisfies the {f n }-containment property then H satisfies the {b n }-containment property where {b n } is a sequence with asymptotic growth equivalent to {f n }.
The basic strategy of the proof is to start with an arbitrary fire on H and then construct a corresponding fire on G. Then the containment strategy in G is transformed into a containment strategy in H using the quasi-isometry between the graphs. A description of this process is illustrated in Figure 3. 4.1. Proof of Theorem 4.4. Let G and H be graphs with the property that every vertex has degree bounded above by δ > 0. Let (φ, ψ) be a c-quasi-isometry from G to H as described in Remark 4.1.
In view of Proposition 1.7, we assume that G has the ({a n }, 2c)-containment property where
and hence the sequences a n and f n have equivalent asymptotic growth. We prove below that H has the ({b n }, 1)-containment property where
It is immediate that the sequences a n and b n have equivalent asymptotic growth, the same equivalence holds for the sequences f n and b n .
Given a vertex h 0 ∈ H and q ≥ 0, a ({b n }, 1)-containment strategy
is obtained as follows. Let g 0 = ψh 0 , and let W 1 , W 2 , . . . be a ({a n }, 2c)-containment strategy for
The proof of Theorem 4.4 reduces to prove that {Q k : k ≥ 1} is a ({b n }, 1)-containment strategy for the initial fire Y 0 . This entails verifying the three statements of Definition 1.1. The first two statements are immediate: 4.1.1. For every k, the set Q k has cardinality at most b k . Indeed, since each W k has cardinality bounded by a n , and a ball in H of radius r about any vertex has cardinality bounded by δ r+1 , it follows that |Q k | ≤ a n · δ r+1 = b n , proving the first statement. Let X k consist of the vertices of G which are on fire at time k given the initial fire X 0 and the strategy {W n : n ≥ 1}. Equivalently, X k consists of the vertices of G that are connected to a vertex in X k−1 by a path of length at most 2c containing no vertices in
Observe that X k consists of vertices g ∈ G such that there is a path from g 0 to g of length at most r k that does not contain vertices in
Proof of Lemma 4.5. We argue by induction on k. If h ∈ Y 1 then dist H (h 0 , h) ≤ q + 1 and hence
It follows that ψh belongs to X 0 = B G (x 0 , r 0 ). Assume inductively that h ∈ Y j implies ψh ∈ X j−1 for all j < k and 2 ≤ k. Suppose h ∈ Y k . Then there exists a path When a graph satisfies a containment property, there is the associated measure of how long it takes to efficiently contain fires. Specifically, suppose that G is connected and locally finite graph that has the ({f n }, r)-containment property, and let g 0 be a vertex of G. For k ≥ 1, let T k = T G ({f n }, r, k) be the minimal integer so that there is an {f n }-containment strategy for X 0 = B G (g 0 , k) such that X n ⊂ B G (g 0 , rT k ) for every n. The sequence {T k } is called the time ({f n }, r)-containment sequence for G. The proof of Proposition 1.7 shows that the sequences T G ({f n }, r, k) and T G ({ f n /r }, 1, k) have equivalent asymptotic growth. Analogously, the asymptotic growth class of T G ({f n }, r, k) is independent of chosen vertex g 0 . Therefore, under the assumptions of Theorem 4.4, the time containment sequences {T G ({f n }, 1, k)} and {T H ({b n }, 1, k)} have equivalent asymptotic growth.
Time containment sequences are not necessarily linear. We believe that this time complexity plays a role in addressing problems like Question 2.5 or Question 12.
Graphs quasi-isometric to trees.
Corollary 4.7. If a graph H contains a subgraph quasi-isometric to the infinite δ-regular tree with δ ≥ 3, then H does not satisfy a polynomial containment property.
Proof. Let G be an infinite tree on which every vertex has degree δ + 1 ≥ 3. Then G has homogeneous growth, and the size s n of a sphere of radius n is bounded from below by the exponential function δ n . Therefore, if {f n } is a sequence of type O(n d ) then fn sn converges. By Theorem 5, the tree G does not satisfy a polynomial containment property. By Theorem 8 any graph quasi-isometric to G does not satisfy a polynomial containment property. Since containment properties are subgraph-hereditary, Proposition 1.9, the statement follows.
Containment property for groups
5.1. TheŠvark-Milnor Lemma. Let Γ be a group acting by isometries on a metric space X. We will only consider the case that X is the Euclidean plane E 2 or the hyperbolic plane H 2 . The action is proper if for each x ∈ X there is r > 0 such that the set {γ ∈ Γ : γB X (x, r) ∩ B X (x, r) = ∅} is finite. The action is cocompact if there exists a compact set K ⊆ X such that X = γ∈Γ γK.
Any finitely generated group can be considered as a metric space. Specifically, let Γ be a finitely generated group with a finite generating set A ⊂ Γ. This finite generating set induces a metric on Γ known as the word metric where dist A (γ 1 , γ 2 ) is defined as the length of the shortest word in the generators A representing the element of the group γ 2 γ −1
1 . The word metrics associated with two different finite generating sets are quasi-isometric.
Proposition 5.1 (Švark-Milnor Lemma). [1, Page 140] Let X be a geodesic metric space. If Γ acts properly and cocompactly by isometries on X, then Γ is finitely generated, and for any choice of basepoint x 0 ∈ X, the map Γ → X given by γ → γx 0 is a quasi-isometry.
5.2.
The containment property for groups. Let Γ be a finitely generated group, and let A be a finite generating set. The Cayley graph C(Γ, A) is the directed graph with vertex set Γ, and edge set corresponding to pairs (γ, γα) where γ ∈ Γ and α ∈ A. We consider Cayley graphs as undirected graphs by ignoring the orientation of edges. Observe that in this setting, every vertex of C(Γ, A) has degree 2|A|.
For any finitely generated group, the Cayley graphs associated with two different finite generating sets are quasi-isometric. This can be seen as a consequence of thě Svark-Milnor lemma by considering Cayley graphs as geodesic metric spaces (let each edge have length one and consider the induced path-metric) and observing that Γ acts by isometries, properly and cocompactly on its Cayley graphs.
This fact implies that invariants of (bounded degree) graphs which are preserved under quasi-isometry become invariants of finitely generated groups. In particular, we say that the finitely generated groups Γ and ∆ are quasi-isometric if they have quasi-isometric Cayley graphs. A property of groups is said to be geometric if it is preserved under quasi-isometry. The study of geometric properties of finitely generated groups was started by Gromov [9] .
A well-studied example of a geometric property is having polynomial growth. Specifically, a finitely generated group Γ has polynomial growth of degree d if there is a finite generating set A ⊂ Γ such that the Cayley graph C(Γ, A) has polynomial growth of degree d in the sense of Definition 2.1. As examples, the infinite cyclic group Z has linear growth, Z ⊕ Z has quadratic growth since the square grid is its Cayley graph with respect to the standard generating set, and the free group F k of rank k ≥ 2 has exponential growth as its Cayley graph with respect to a free generating set is the infinite tree where each vertex has degree 2k. It is an outstanding deep result of Gromov that for finitely generated groups, having polynomial growth is equivalent to contain a nilpotent finite index subgroup. For a brief overview of results in the area, we refer the reader to [1, Page 148] .
By Theorem 4.4, in the class of bounded degree graphs, the property of having n d -containment property is preserved by quasi-isometry. This defines a geometric property of groups.
Definition 5.2. Let Γ be a finitely generated group. We say that Γ has the n dcontainment property if for a (and hence any) finitely generating set A, the Cayley graph C(Γ, A) has the n d -containment property. In this case, if d = 0, we say that Γ has the constant containment property.
The fact that every finitely generated group is a quotient of a free group implies that their growth is at most exponential. By Theorem 2.8, every finitely generated group satisfies the exponential containment property. Finitely generated groups can have better containment properties. For example, the group Z ⊕ Z has quadratic growth and, by Corollary 2.6, it satisfies the constant containment property.
Crystallographic groups and Uniform tilings.
A Euclidean wallpaper group, also known as a plane crystallographic group, is a subgroup Γ of the group of isometries of the Euclidean plane E 2 that acts properly and cocompactly on E 2 . In this case, the group Γ contains two linearly independent translations that generate a finite index subgroup of Γ isomorphic to Z ⊕ Z. Up to group isomorphism, there are seventeen wallpaper groups. There are several references in the area, we refer the reader to [10, Page 40] and the references therein. TheŠvark-Milnor lemma implies that any wallpaper group is quasi-isometric to the Euclidean plane E 2 . In particular, all these groups are quasi-isometric to the square grid and hence they have quadratic growth. Then Corollary 2.6 implies that every wallpaper group has constant containment property.
A uniform tiling of E 2 is a tessellation of the plane by regular polygons such that for any two vertices there is an isometry of E 2 that preserves the tiling and maps one of the vertices to the other. There are eleven distinct uniform tilings of the Euclidean plane, see for example [10, Page 63] . The subgroup of isometries of the E 2 that preserves the tiling is a wallpaper group. Hence the underlying graph of the tiling is quasi-isometric to a wallpaper group and hence it has the constant containment property.
Analogously, a crystallographic group on H 2 is a subgroup Γ of the group of isometries of the hyperbolic plane whose action is proper and cocompact. It is well known that Γ contains a subgroup isomorphic to the free group in two generators, for example as a consequence of the Tits alternative [15] . Since the free group of rank 2 does not have polynomial (or even subexponential) containment property, if follows that Γ does not have it as well.
Similarly, a uniform tiling of H 2 is a tessellation of the hyperbolic plane by regular (hyperbolic) polygonal faces such that for any two vertices there is an automorphism of the tiling mapping one of the vertices to the other. There are infinitely many distinct uniform tilings of the hyperbolic plane, see for example [2, Page 261] and the references therein. The subgroup of isometries of H 2 that preserve the tiling is a crystallographic group. It follows that the underlying graph of the tiling is quasiisometric to a crystallographic group on H 2 and hence it does not have polynomial (or even subexponential) containment property.
